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Abstrat. We onsider the EPR experiment in the energy-based
stohasti redution framework. A gedanken set up is onstruted to
model the interation of the partiles with the measurement devies.
The evolution of partiles' density matrix is analytially derived. We
ompute the dependene of the disentanglement rate on the parameters
of the model, and study the dependene of the outome probabilities
on the noise trajetories. Finally, we argue that these trajetories an
be regarded as non-loal hidden variables.
1. Introdution
A pure quantum state of a system is a vetor in a Hilbert spae, whih may be
represented as a linear ombination of a basis of eigenstates of an observable (self-
adjoint operator) or of several ommuting observables. Let us suppose that the
eigenvalues orresponding to the eigenstates of the Hamiltonian operator of a system
are the physial quantities measured in an experiment. If the ation of the experiment
is modeled by a dynamial interation indued by a term in the Hamiltonian of the
system, and its eet is omputed by means of the standard evolution aording to the
Shrödinger equation, the nal state would retain the struture of the original linear
superposition. One observes, however, that the experiment provides a nal state that
is one of the basis eigenstates and the superposition has been destroyed. The resulting
proess is alled redution or ollapse of the wave funtion.
The history of attempts to nd a systemati framework for the desription of this
proess goes bak very far in the development of quantum theory (e.g., the problem of
Shrödinger's at [1℄). In reent years signiant progress has been made. Rather than
invoking some random interation with the environment and attributing the observed
deoherene, i.e. ollapse of a linear superposition, to the onset of some unontrollable
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phase relation, more rigorous methods have been developed. These methods add to
the Shrödinger equation stohasti terms orresponding to Brownian utuations of
the wave funtion [2, 3, 4, 5, 6, 7, 8, 9℄, generally understood as arising from the
presene of the measurement devie.
In this paper, we apply some of these state redution methods to the phenomena
onsidered in Bohm's formulation [10℄ of the Einstein-Podolsky-Rosen paradox [11℄
(heneforth the EPRB paradox), later analyzed by Bell for its profound impliations
[12℄, and explored experimentally by Aspet et al. [13℄. The system to be studied
onsists of a pair of spin-
1
2
partiles in the singlet state
|ψs〉 = 1√
2
(| ↑↓〉 − | ↓↑〉) , (1)
the arrows denoting the spin omponents of the partiles relative to some arbitrary
axis. The determination of the spin state of one of the partiles implies with ertainty
the spin state of the other, even when the partiles are very far apart. The partiles
are therefore said to be entangled.
The question is often raised as to how the state of the seond partile an respond
to the arbitrary hoie of diretion in the measurement of the rst. This question is
dealt with here by the onstrution of a gedanken set up desribing the interation
of the partiles with the measurement devies. On this basis, using the mathemat-
ial models reently developed for desribing the redution, or ollapse, of the wave
funtion, we answer this question and give a mathematial desription of the proess
underlying suh a measurement.
The paper is organized as follows. We begin in setion 2 by reviewing the
energy-based stohasti extension of the one-partile Shrödinger equation, and disuss
its generalization to noninterating multipartile systems. In setion 3 we present
a gedanken set up for studying the EPR experiment and show that it leads to
the expeted quantum mehanial preditions. Next, in setion 4 we analytially
ompute the stohasti expetation of the partiles' density matrix, and quantify
their disentanglement rate. In setion 5 we simulate the evolution of the state of
the partiles for dierent random realizations of the noise, and argue that the noise
trajetories an be regarded as nonloal hidden-variables. We end by disussing future
avenues of researh.
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2. Energy-based stohasti state redution
2.1. Energy-based stohasti extension of the Shrödinger equation
In the energy-based stohasti redution framework the Shrödinger equation is
extended as follows [7, 8, 9℄
d |ψ(t)〉 = − iHˆ |ψ(t)〉 dt− ς
2
8
(Hˆ −H(t))2 |ψ(t)〉 dt
+
ς
2
(Hˆ −H(t)) |ψ(t)〉 dW (t) . (2)
Here H(t)=ˆ〈ψ(t)|Hˆ |ψ(t)〉 (we assume throughout that |ψ(t)〉 is normalized, in
onsistene with eq. (2)) as it is norm preserving, W (t) is a standard Wiener proess,
and ς is a parameter haraterizing the redution time sale the rate. (Note the hoie
of "natural" units ~ = c = 1. Aordingly, all quantities throughout the paper are
expressed in units of length [ℓ].)
From the It alulus rules it immediately follows that the above proess has two
basi properties
(i) Conservation of energy
H(t) = H(0) + ς
∫ t
0
dW (s)V (s) , (3)
where V (t)=ˆ〈ψ(t)|(Hˆ −H(t))2|ψ(t)〉 is the variane of the energy proess H(t).
(ii) Stohasti redution
dV (t) = −ς2V 2(t)dt+ ςβ(t)dW (t) , (4)
where β(t)=ˆ〈ψ(t)|(Hˆ −H(t))3|ψ(t)〉 is the third moment of the energy deviation.
It follows from eq. (4) that the expetation E[V (t)] of the variane proess obeys the
relation [7, 8℄
E[V (t)] ≤ E[V (0)]− ς2
∫ t
0
dsE[V (s)]2 . (5)
Sine V (t) is positive, this implies that E[V (t → ∞)] → 0 and (up to measure zero
utuations) V (t → ∞) → 0. And sine V (t) = 〈ψ(t)|(Hˆ − H(t))2|ψ(t)〉, V (t) = 0
implies 〈ψ(t)|(Hˆ − H(t))|ψ(t)〉 = 0 or Hˆ |ψ(t)〉 = H(t) |ψ(t)〉, so that |ψ(t)〉 is an
eigenstate of the Hamiltonian. Assuming no degeneray, the system therefore redues
to one or another of the eigenstates of the Hamiltonian Hˆ, in aordane with the
statistial preditions of standard quantum mehanis [8℄. Therefore, the expetation
of the nal onguration E[|ψ(t→∞)〉 〈ψ(t→∞)|] orresponds to a mixed state,
with eah of the diagonal elements an eigenstate of Hˆ.
Note that the framework we have desribed annot dierentiate between
degenerate eigenstates. When this is the ase, as in the standard theory [15℄, the
redution proess drives the system to degenerate subspaes with the original relative
phase between the spanning eigenstates remaining unhanged.
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2.2. Extension to noninterating multipartile systems
Nothing in the previous subsetion limits the disussion to single partile systems.
The Hamiltonian in eq. (2) may just as well represent a multipartile system. This,
however, is not the only possible generalization to multipartile systems, and indeed
there are ases where it is not suitable. To see this, and in antiipation of the next
setion, let us onsider a pair of noninterating partiles A and B. The Hamiltonian
is now a diret sum
Hˆ = HˆA ⊕ HˆB . (6)
We assume that the partiles are very far apart, and that the environment does not
arry pervasive long-range orrelations. Under these onditions the evolution of the
state's stohasti expetation E[ρ(t)] (ρ(t) = |ψ(t)〉 〈ψ(t)|) should be loal, in the sense
that no orrelations, quantum or lassial, are generated.
Bearing this in mind, let us plug the Hamiltonian eq. (6) into eq. (2). Averaging
over the noise we obtain a Lindblad type equation [16, 17℄ for the state's stohasti
expetation
d
dt
E[ρ(t)] = −i[Hˆ, E[ρ(t)]]− ς
2
8
∑
i, j=A,B
[Hˆi, [Hˆj , E[ρ(t)]]] . (7)
This equation is ausal (does not allow for superluminal signalling), as is easily
established by traing over any of the two subsystems. However, the mutual
information‡ may inrease with time. The evolution is therefore nonloal, as may
well have been expeted onsidering that both systems are driven by the same noise.
However, a loal evolution equation for the state's stohasti expetation an be
ahieved if we have eah of the systems driven by an independent noise term. This
means that eq. (2) must be generalized as
d |ψ(t)〉 = − iHˆ |ψ(t)〉 dt− 1
8
∑
i=A,B
ςi
2(Hˆi −Hi(t))2 |ψ(t)〉 dt
+
1
2
∑
i=A,B
ςi(Hˆi −Hi(t)) |ψ(t)〉 dWi(t) (8)
where ςi governs the redution rate of partile i to the eigenstates of Hˆi and
dWi(t)dWj(t) = δijdt. Indeed, the above proess invariably drives the system to
produt states of the form |EA〉 ⊗ |EB〉, where Hˆi |Ei〉 = Ei |Ei〉, with the same
probabilities as predited by the standard theory [8℄. The orresponding Lindblad
equation for the state's stohasti expetation is now given by
d
dt
E[ρ(t)] = −i[Hˆ, E[ρ(t)]]−
∑
i=1, 2
ςi
2
8
[Hˆi, [Hˆi, E[ρ(t)]]] . (9)
‡ The mutual information of two systems is dened as IAB = SA + SB − SAB , where Si and SAB
are the von-Neumann entropies of system i and the omposite system, respetively, and serves as a
quantitative measure of the total amount of orrelations, quantum and lassial, between the systems.
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Note that in standard quantum theory this evolution an only arise from the respetive
oupling of a pair separate noninterating systems to nonorrelated environments.
3. Stohasti redution in the EPRB experiment
In this setion we onstrut a gedanken set up to show how the energy-based stohasti
redution framework an provide us with a onsistent desription of the EPRB
experiment.
We onsider a pair of spin-half partiles, A and B, with vanishing total spin
and momentum, moving in opposite diretions. Along the path of eah partile a
spin measurement devie is plaed. With no loss of generality we assume that the
measurement devie in the path of partile A measures its spin omponent along zˆ,
and that the measurement devie in the path of partile B measures its spin omponent
along nˆ, where nˆ is some unit vetor pointing in an arbitrary diretion.
So long as the partiles are far from the measurement devies the Hamiltonian
governing their (free) evolution is given by
Hˆ0 =
pˆ2A
2mA
+
pˆ2B
2mB
. (10)
However, one the partiles approah some neighborhood of the detetors (whih we
assume happens simultaneously) we assume that Hˆ0 is orreted by the addition of a
perturbation
Hˆint = µAσ
z
A ⊗ 1+ µB1⊗ σnˆB (11)
desribing the loal interation of the partiles with the measurement devies. Here µi
denotes the strength of the oupling of partile i to the orresponding measurement
devie and σnˆB = σ · nˆ. The eigenstates of the perturbed Hamiltonian Hˆ = Hˆ0 + Hˆint
are produts of momentum and spin eigenstates, and are fully speied by the four
eigenvalues −∞ < pA, pB <∞ and σzA, σnˆB = ±1.
The ontinuous spetrum of the momentum operators gives rise to an irremovable
degeneray in Hˆ. Nevertheless, for wave pakets loalized in momentum spae and
suiently large values of the µi this residual degeneray is negligible. In all that
follows we shall therefore make the approximation
Hˆ ≃ Hˆint . (12)
The four possible spin outomes are then given by |↑ր〉, |↑ւ〉, |↓ր〉, and |↓ւ〉, the
slanted (vertial) up and down arrows denoting spin-up and spin-down eigenstates of
σnˆB (σ
z
A), respetively, with orresponding probabilities
P ↑ւ = P ↓ր =
1
2
cos2
θ
2
, P ↑ր = P ↓ւ =
1
2
sin2
θ
2
,
(13)
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where θ is the angle between the zˆ and nˆ axes. The redution proess ultimately
reprodues the results of the standard theory.
It is important, lending further redibility to our set up, that the measurement
of the spin of only one of the partiles sues to indue the redution. This is learly
seen by reasting Hˆint in its diagonal form
Hˆint =
∑
i=↑, ↓
∑
j=ր,ւ
λij |ij〉 〈ij| , (14)
where λ↑ր = −λ↓ւ = µA + µB and λ↑ւ = −λ↓ր = µA − µB. Indeed, this is
approximately what will be observed at a time t ≃ 1/ςi when ςi ≪ ςj 6=i.
We also note that when µA equals µB (−µB) the degeneray of the states |↑ւ〉
and |↓ր〉 (|↑ր〉 and |↓ւ〉) is not removed. This, however, is merely an artifat of not
taking into aount the quantum nature of the measurement devies and the elds
generating the oupling. Indeed, the loal unertainty of these elds, together with
the absene of signiant long-range orrelations, serves to lift this degeneray.
Finally, we should remark that if the two partiles are idential, then the
Hamiltonian must be symmetri under the interhange of the partile indies.
However, sine the partiles are very far apart when the measurement takes plae,
there is no overlap of the one partile wave funtions, and the symmetrization or anti-
symmetrization of the omposite wave funtion is not required. Thus, the presene
of two widely separated measurement devies an split the degeneray into distint
states, whih an, in fat imply that Hˆint is not symmetri under partile exhange.
4. Evolution of the state's stohasti expetation
To study the evolution of the state's stohasti expetation in our set up we simply
substitute µAσ
z
A and µBσ
nˆ
B for HˆA and HˆB in eq. (9). We thus have
d
dt
E[ρ(t)] = − iµA[σzA, E[ρ(t)]]−
ς2AµA
8
[σzA, [σ
z
A, E[ρ(t)]]]
− iµB[σnˆB, E[ρ(t)]]−
ς2BµB
8
[σnˆB, [σ
nˆ
B , E[ρ(t)]]] . (15)
This equation is linear in E[ρ(t)], and an therefore be transformed into a linear
equation for a vetor whose omponents are the sixteen elements of E[ρ(t)]. An
analytial solution an then be obtained by bringing the 16× 16 matrix, representing
the ation of the operators on the right-hand side of the equation, to its Jordan normal
form. When working in the basis ↑ր, ↑ւ, ↓ր, ↓ւ the solution reads as follows
1
2


sin2 θ
2
− 1
2
Q⋆B sin θ
1
2
Q⋆A sin θ Q
⋆
AQ
⋆
B sin
2 θ
2
− 1
2
QB sin θ cos
2 θ
2
−Q⋆AQB cos2 θ2 − 12Q⋆A sin θ
1
2
QA sin θ −QAQ⋆B cos2 θ2 cos2 θ2 12Q⋆B sin θ
QAQB sin
2 θ
2
− 1
2
QA sin θ
1
2
QB sin θ sin
2 θ
2


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Figure 1. (Color online) The negativity as a funtion of the
oupling strengths µA and µB . (ςA = ςB = 1 [ℓ]
1/2
, t = 1 [ℓ],
and θ = 3π/5) On the (dark blue) at surfae the negativity
equals zero. The disentanglement time is nite unless µA or
µB vanishes.
(16)
with Qi=ˆ exp
(
µi
(
4i− µiς2i
)
t/2
)
(i = A, B), and θ the angle between zˆ and nˆ. We
note that the Qi an be deomposed into a produt of exp (2iµit) and exp
(−µ2i ς2i t/2)
representing the ontibutions of the unitary and stohasti proesses, respetively. We
also note that in the limit that t → ∞ the o-diagonal terms vanish and the density
matrix reprodues the expeted measurement outomes and probabilities.
We now wish to examine the transition of the stohasti expetation of the density
matrix from the initial maximally entangled singlet state to the mixture of the nal
outomes, paying partiular attention to the rate of the disentanglement. While for
pure states, the entanglement is quantied by the von-Neumann entropy, there is no
single measure of entanglement for mixed states. One of the standard measures is the
negativity [18℄,
1
2
(
∥∥ρTi∥∥− 1), where ρTi , the partial transpose with respet to i of ρ, is
obtained from ρ by transposing the indies of system i§, whih is just minus the sum
of the negative eigenvalues of the ρTi [19, 20℄.
Numerial results are presented in gures (1-3). Figure (1) illustrates the depen-
dene of the negativity on the oupling strengths, µA and µB. We see that unless µA
or µB vanishes, the disentanglement time is nite. This phenomenon, termed "entan-
glement sudden death" [21℄, is not unique to our setting and is typial of open systems
dynamis [22℄. For short times the rate of disentanglement is roughly dependent on√
µA2 + µB2, while for long times beomes linear. Figures (2) and (3) show the neg-
ativity as funtion of time for dierent values of ςA = ςB and θ, respetively.
§ When onsidering the entanglement between two systems it is irrelevant whih of the indies is
transposed.
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Figure 2. (Color online)
The negativity as funtion
of time for dierent values
of the ςA = ςB. (θ =
3π/5, µA = µB = 1 [ℓ]
−1
)
The legend gives the value of
ςi2/8 for eah of the urves.
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5. Noise trajetories
Eq. (8) gives rise to an entropy onserving evolution. In partiular, this means
that a pure state remains pure. The trajetories realized by the Wi(t) during the
evolution fully speify the state's history. However, as there is no means of determining
these, all aessible information is ontained in the state's stohasti expetation.
The trajetories an therefore be regarded as hidden-variables‖, i.e. indeterminable
variables arrying information regarding the state of the system unavailable in the
standard quantum mehanial desription.
From the relation dWi(t)dWj(t) = δijdt it does not follow that the trajetories are
loal hidden-variables. Indeed, any hidden-variable theory adhering to the statistial
preditions of standard quantum mehanis must violate some Bell inequality, and
as suh our set up is manifestly nonloal. Expliitly, this just means that the both
WA(t) and WB(t) determine the nal state of eah of the partiles (rather than Wi(t)
determining the nal state of partile i on its own). This point is illustrated in gures
(4) and (5), whih present the results of numerial iterative solutions to eq. (8)
with randomly generated noise terms. Figure (4) expliitly shows how, for the same
realization of WA(t), dierent realizations of WB(t) lead to dierent outomes in the
spin measurement of partile A (and partile B). It is also interesting that in this
ase the probabilities for the measurement outomes no longer agree with those of
‖ For a somewhat dierent approah see [14℄.
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Figure 4. (Color online) Four realizations of the ollapse proess. The
probabilities for the four dierent outomes (1=ˆ ↑, 0=ˆ ↓) are plotted as a funtion
of time. µA = µB = 1 [ℓ]
−1
, ςA = ςB = 0.14 [ℓ]
1/2
and θ = 5π/11. The same
realization of WA(t) was used in all of the runs, whereas WB(t) varies from one
run to the next. We see that the nal outome of partile A depends on not only
WA(t) but on WB(t) as well.
quantum mehanis, as is evident from gure (5).
To see how this omes about we must go bak to eq. (8). Even though it
desribes a pair of unoupled systems, it gives rise to a potentially disentangling
(and entangling) evolution, beause eah of the Hi(t) depends on the full state of the
system (Hi(t) = trj 6=i[ρ(t)Hˆi]), and therefore on Wj 6=i(s ≤ t). Note, however, that
this nonloality does not allow for superluminal signalling sine the trajetories are
"hidden".
6. Some onluding remarks
We have disussed Bohm's formulation of the EPR experiment in the the energy-based
stohasti redution framework. In partiular, we have seen how the presene of the
measurement devies indues the redution of the singlet state to the expeted outome
produt states with orret probabilities as predited by the standard theory and have
given the expliit time evolution of the proess of disentanglement. As an extension
of this idea, one may onsider a problem with a natural degeneray of some initial
state where the presene of eetive detetors of some type indues a perturbation
in whih stohasti redution takes plae, as in the asymptoti luster deomposition
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Figure 5. (Color online) Dependene of the outome probabilities on the noise
trajetories. The rst three gures display the results of 1000 runs simulations,
in whih WA(t) is held xed from run to the next, but realized dierently in eah
simulation, while WB(t) varies from one run to the next. We see that dierent
realizations of WA(t) lead to dierent outome probabilities that do not agree
with those of quantum mehanis. In the fourth gure, displaying the results of
10000 runs simulation, both WA(t) and WB(t) vary, and the quantum mehanial
preditions are obtained.
of produts of quantum elds reduing an n-body system to m k-body systems, or
the formation of loal orrelations in n-body systems suh as liquids, or spontaneous
symmetry breaking. In all these ases, due to the existene of ontinuous spetra,
there will be some residual dispersion in the nal state, although possibly very small.
We are urrently studying possible appliations of the methods disussed here to suh
ongurations.
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